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1 Introduction 



In this paper we address problem of construction permutation branes and topo- 
logical defects in the Liouville field theory. Topological defects are defined as 
operators commuting with left and right copies of chiral algebra. In the last 
years they were studied extensively in RCFT see, e.g. [12,13,15,20,28,29,35,39] 
and free bosonic theory [1,2,16]. There has been also progress in the Lagrangian 
description of the defects [17,36,38]. 

In this paper we turn to construction of topological defects and closely related 
to them permutation branes in the Liouville field theory. A discussion of the 
topological defects in the Liouville theory can be found in [35]. It was conjectured 
there that defects in the Liouville theory should be labelled as FZZ and ZZ 
branes [11,44] by the primaries and obey the corresponding fusion rules. Our 
findings here confirm this conjecture. 

Main tool used in this paper is generalizations of the Cardy-Lewellen cluster 
condition to permutation branes and defects. In the past years Cardy-Lewellen 
sewing constraint proved to be very useful to find branes in non-rational models 
[11,19,22,30,41,44]. Here we show that for construction of defects in non- 
rational models it can serve as well. The paper is organized as follows. In 
section 2 permutation branes in RCFT are reviewed. We collected there necessary 
formulae for different annulus partition functions involving permutation branes. 
We also elaborate here Cardy-Lewellen cluster conditions for permutation branes. 
In section 3 defects in RCFT are reviewed. Here again a special attention to 
Cardy-Lewellen cluster condition for defects is paid. In section 4 we remind the 
necessary stuff on Liouville field theory. In section 5 permutation branes for 
Liouville theory are presented. In section 6 defects for Liouville theory are found. 

2 Permutation branes in RCFT 

Let us remind some basic facts on permutation branes in RCFT [14,18,32,37]. 
Consider iV-fold tensor product of a CFT with chiral symmetry algebra W L (W R ). 

On such a product one can consider brane with gluing automorphism given 
by a cycle (1 ... JV), or by other words, satisfying following equations: 

w£\z) = W<[ +1 \z)\^ M , r = l...N-l (1) 

wi N \z)=w£\z)\ z= - z 
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When single copy CFT is a rational CFT with diagonal partition function 

^ = E Z ijXi(<l)Xi(q), Z Q = Q = exp(2mr) (2) 

where i* is conjugate representation in the sense N^—l, permutation branes were 
constructed in [32]. It is shown in [32] that for such a CFT permutation branes 
are labeled by primaries of single copy and have boundary states: 

where is the matrix of the modular transformations of single copy: 

Xi(o) = ^2 S ijXj{<l), q = exp(-2i7r/r) (4) 

j 

and permuted Ishibashi state satisfying It is known that boundary 

states should satisfy two criteria: Cardy condition [6], requiring the annulus 
partition functions to be expressed as sum of some characters with non-negative 
integer numbers, and Cardy-Lewellen cluster condition [7, 23] . It is shown in [32] 
that states ([3]) indeed satisfy the Cardy condition. In case of permutation branes 
check of the Cardy condition involves calculation of two kinds of annulus partition 
functions: 

1) partition functions between two permutation branes, 

2) partition function between permutation branes and factorized branes, i.e. 
branes which can be written as product of Cardy branes for each constituent. 

For further use we write down these partition functions in case of two-fold 
product N = 2. Generalization to generic N is straightforward and corresponding 
formulae can be found in [32]. For two-fold product permutation boundary state 
d2J) satisfies relations: 

L<»-L®=0, W«-(-l)^W<5 = (5) 

_ i w n = o, wf) - i-iy^wv = o 

where sw is the spin of W, and takes form: 

= E J 1 . I* 3))v = E J 1 . E & *>o ® UjJJT), 9 \j, M) x ® U]j^T) Q . (6) 

j 0j ' j 0j ' N,M 

where and 1 labels first and second copy of the CFT in question, sums over N 
and M run over orthonormal basis of the highest weight representation Rj, and 
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operator U in front of right-movers is chiral CPT operator as usual. Using this 
explicit expression, the Verlinde formula 



and expression for the Cardy state: 

i<> = E-^=Ei^ JV >®^K^> ( 8 ) 

j V b 0j N 

it is easy to compute that partition function between two permutation branes 
labeled by ai and a 2 is : 

Z ai , a2 = J2 N "rN r kl Xk(q)Xi(q) (9) 

r,k,l 

and partition function between permutation brane labeled by a and product 
of two Cardy states labeled by a\ and a 2 respectively is ( for details see [32,37]): 

Za M =Y, Nr ao ai KkXk(q 1/2 ). (10) 

k,r 

Now we turn to the Cardy-Lewellen cluster condition [3,7,23,31,33,34]. Given 
that cluster condition for permutation branes very little discussed in the litera- 
ture, we will derive it here for general case of the not necessarily diagonal RCFT 
with the arbitrary fusion coefficients N^. However to keep the things still enough 
simple we assume that we have no bulk multiplicities : Zn — 0,1. 

Let us as warm-up exercise to remind cluster condition for usual branes. Con- 
sider a boundary state 



\a) 



Ew> ( n ) 



where % runs over primaries, and \%)) are Ishibashi states. Recall the relation 
between coefficients B % a and one-point functions 

<%)M>« = 7^|k (12) 
in the presence of the boundary condition a: 

K = ||e^ (13) 
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It is convenient at this point to introduce full plane chiral decomposition of phys- 
ical fields [26]: 

j,j,k,k,a,a 

where 4>% a are intertwining operators Rj — > R k , and a = l...Nf-. Consider 
now two-point function (<&j(;zi, Zi)$j(z2, z 2 )) a in the presence of boundary in two 
pictures. In the first picture one applies first bulk OPE 

c (kk) 

$tii ) (z 1 ,z 1 )<S> {j - j) (z 2 ,z 2 ) = _ ^TKpK^fz ^A- t+ A 3 -A- k ®(kk)(z2, z 2 )+. . . 

(15) 

and then evaluates one-point function resulting in: 

<*<«)(*!, z^ U1) (z 2 , z 2 )) a = ^ C^Q )a M^S (16) 

k,a,a 

where T^a are conformal blocks, which using <j)^ a intertwining operators can be 
expressed as: 

VS = (0|^.(^l)^.a(^)^ S (^l)4^)l°> ^ 

In the second picture one first applies bulk-boundary OPE [3] 

jj(ii),t 

•«iM = E(rrifer + - (18 > 

m,t,s 



where t = 1, . . . iV™, and index s counts different boundary fields and runs s = 
1, . . . n™ a , where n™ Q coefficient of character x m in the annulus partition function 
between brane a with itself, and then evaluates two-point function of boundary 
fields resulting in 

m,tl,t2,Sl,S2 

where 

(C Q ' sl (^i)C Q,S2 (^)) = (2°) 



and 

xSL = (oi^.(^i)C.* 1 ^i)^(^)4i^)i > ( 21 ) 
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Using braiding relations between chiral blocks 



kaa 



(+) 

m* 



J * 
i* j 



tit 2 



2 mtit'2 



(22) 



one derives: 



E r (k,k") TT k n {+) 

k y a,a 



i* j 



tl<2 



Ep(»i),ti dO'J').*2 a 
m,si,(a) m*,S2, 



x,Si,S2 



(23) 



aa si,s 2 



Putting m = one obtains: 



E r (k,k*) Tjk R (+) 
Ly (ii-)(jj*)aa U a n k*0 

k,a,a 



i* j* 



ii 



U U U U 



(24) 



where we took into account that -Ro(a) = U^i*!- We should note that here we 
used reflection amplitudes as they defined in [3]. The traditionally used reflection 
amplitudes [7, 23] differ by phase 



TP —TP pWbn 
U (a) - U (a) e 



(25) 



They have the advantage, that related to boundary states coefficients without 
phase factor: 



Bl 



(<*) DO 
a 

Recalling relation between braiding and fusion matrices: 

cd 



pq 



I J 
k I 



e i7r(A fe +A ; -A p -A,)_p 



pq 



- ab 



i I 
k j 



cd 



ab 



(26) 



(27) 



and symmetry properties of fusion matrix 

-i cd 



pq 



k j 
i I 



F * * 

± p*q* 



I i* 

J* k 



cd 



ab 



(28) 



we receive that obey the equation: 



k,a,a 



j j 
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(29) 



Now we apply this procedure to permutation branes. For simplicity we again 
consider the case of two- fold product. The primary fields of two-fold product are 
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products of primary fields . The form of the gluing relations (jSJ) implies 

that for permutation branes two-point functions have the form: 

^^)^ (Zi _$fS-^ (30) 

To receive cluster condition for permutation branes one should consider four-point 
functions ( $ (! 1 \ l) (^i)^(^ 2 )(^2)$(] 1 ) j l) (^3)$(^ 2) (2;4))p- In the first picture one has: 

^ z ^^<3^^ z ^= ( 31 ) 

j(k\k*) _ jjk,k kAinhh 
/ (i2«2)0'2i2)cc CP) kkaacc 



Eg{k,k) _ £,(k\k*) _ jjk,k j^hi 2 jij2iii2jij2 
(hh)(jljl)aa (i2«2)0'2i2)cc (V) k 



k,k,a,a,c,c 



where M l ^^ %1%2nn have the same form as 7£ 3%3 but with every field being 
product of two fields for each copy. Remembering gluing conditions ([5]) we note 
that actually left fields of the first copy related only to right fields of the second 
copy, and right field of the first copy to the left field of the second. Therefore 



.A/f V 2 - 1 - 2 * 1 * 2 ^ 2 factorize and have the form: 

kkaacc 



M^ 23l32Hl23132 = (32) 

kkaacc y ' 

(01^(^)^^(^3)4^5(52)^(54)10) X 



Boundary OPE now looks: 



D (»l»l),(»2«2),*l,*2 
Itn 



*(iiu)V Zl ^(i a i a )V Z2 '' / _ - ) A n +A h -A m( - _ nA, i+ A I2 -A„ Vmn + • • • 

mn,ti,t2,s \ 1 \ 1 l > 

(33) 

where t\ = 1 . . . iV™ , = 1 . . . iV™ . , and s counts different boundary fields, 
and its range is given by the corresponding coefficient in the annulus partition 
function of the permutation brane with itself. Using (1331) in the second picture 
one has: 

( $ E^)^) $ &^)^)^)^)W^ = __ __ ^ 

ED(tlil),(<2ij),tl,tj pCjlJl)j(?2i2)>*8,*4 Si,« a \ jhi2hi2jlj2jlj2 



m,n,t\,t2fa,t^,s\,S2 



where 
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and 



1/«1J2H«2J1J2J1J2 
-' l rrmii £2*3*4 



(36) 



<olA<?(^)^ TO .* l (^)CL.W^i(^)lo>x 



Using (I22l) we end up with: 



E c , 

k,k,a,a,c,c 



(k,k) 



(k*,k*) 



b: 



(+) 



(uil)O'lil) 00 (i2»2)Cj232)cc 





tl*3 




jl *2 


fen* 


J2 ii 


_ i* J2 _ 


ac 


. *2 31 _ 



- *2<4 



k.k 

(V) 



(37) 



ED(iiti),(i2*a),*i,*2 j3{hii)Xhh)MM 



S\,S2 



Putting m = n = 0, and taking into account that 



R, 



(»iii)»(»aia)»*i»ta 
00,s 



rr l i,nr _r 



(38) 



one obtains: 



E o, 
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d(+) 
B k0 

ac 


3* k 




k Ji 



11 



U%= (39) 



(V) U (V) 



Again defining new amplitudes 



TTh,h _ rrii.ii i7r(Aj+A f ) 
CP) — e 



(40) 



and using (|27[) and (1281) we derive: 



(uii)0'iii)oo (i*«*)0'*i*)cc fc0 



k,k,a,a,c,c 





11 




11 


i* k 




k i*i 




_ 3t 3i _ 


ac 


_3*i 3*i _ 


ca 



u, 



k.k 

(V) 



(41) 



CP) CP) 



For diagonal model k — i*, ji = j*, k = k* without multiplicities = 1, (jU 
simplifies to 



E(^) 2 ^>) ^ 



J J 



U (P) U (T) 



(42) 
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were we denoted C£- = C^" 



and UL, = Ul 



Note that for diagonal models permutation branes reflection amplitudes de- 
pend only on single copy primaries. 

For this case permutation branes cluster condition was discussed in [32]. 

It is straightforward to generalize (|41|) to general iV-fold product. Here we only 
write the corresponding formula for diagonal models (j2j) without multiplicities: 



Etc 



k\Njjk 
ij) (P) 



kO 



J j 



N 



U (V) U (V) 



(43) 



It is shown in [32] that ([3]) satisfies 



3 Topological defects in RCFT 

Recall basic facts on topological defects in RCFT [15,20,28,29]. The construction 
of defects lines is analogous to that of boundary condition. Following [28] we 
define defect lines as operators X, satisfying relations: 

[L n ,X] = [L n ,X\ = (44) 

[W n ,X} = [W n ,X} = (45) 

As in the case of the boundary conditions, there are also consistency condi- 
tions, analogous to the Cardy and Cardy-Lewellen constraints, which must be 
satisfied by the operator X. For simplicity we shall write all the formulae for 
diagonal models (J2J). To formulate these conditions, one first note that as conse- 
quence of QUI and (F45]) X is a sum of projectors 

X = ^V^P^ (46) 

where 

= X>, AO ® \i,N))((i,N\ ® (i,N\) (47) 

N,N 

An analogue of the Cardy condition for defects requires that partition function 
with insertion of a pair defects after modular transformation can be expressed as 
sum of characters with non-negative integers. It is found in [28] that for diagonal 
models one can solve this condition taking for each primary a 

V f) = ^ (48) 
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for which one has: 

Z ah = Tr (x\X b q L ^t °~^) = E (49) 



k,ii 



Topological defects can act on boundary states producing new boundary 
states. The action of defects (jlSj) on Cardy states is easily obtained using the 
Verlinde formula: 

X a \b)=Y,N d ab \d) (50) 

d 

Topological defects can be fused. For defects (jUJ) again using the Verlinde formula 
one derives: 

X a X b = J2K b X c (51) 

c 

Now we turn to the cluster condition for defects [29]. Here we should consider 
two-point functions 



£)(*>*) 



($ i .(z 1 ,z 1 )X$ i (z 2 ,z 2 )) = 7z 1 ( 52 ) 



T)(M) 

^ = ~vT ( 53 ) 
Using ( 1T41) one can write for the following four-point function with the defects 
insertion in the first picture: 

(<5> j 4z lj z 1 )$ i *(z2,z 2 )X<£> i (z 3 ,z 3 )$ j (z 4 ,z 4 )X^} = (54) 

E(-il (~ik f){k,k) -pj*i*ij >pj*i*ij 

^ , j*j^'ij,aa^i*k,cc J ^ ' kac ''kac 

k 

where 

HT j = (0|^ 1 ^(^i)^ fec (^)^ a (^)^ 1 (^)|0) (55) 

Here we denoted = w^L,-*) as before. 
Using relations: 

C{*k,cc = ^L*,cc (56) 

and 

C{i*,cfi)*j — ,cgCfc*fc (57) 
we can write for the second line of (15] 



Effc /^fc* /~rl r)(*>*) Tl*i*V T3*i*ij (co\ 
Ly ij,aa Ly i*j*,cc Ly k*k- u ''kac ''kac ^ ' 
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In the second picture one has: 



where 



($;*(z 2 , z 2 )X<S? i (z 3 , Z 3 )<$>j(z4, Z^X^j.fa, Zi)) 
C\ -C l * J-ff™* J 7 Q i ^* + 



(59) 



= (o|^(^)0U(^)^i-»(^)^i(^)l°> ( 6 °) 

To relate (154)) with (|59|) one should use braiding relations for chiral blocks to 
move j* to the very right. Using (|27l) and the following property of the braiding 
matrix 



B 



(+) 







id 



la 



j-_|_^ e i7r(A fc -Ai-Aj) 



(61) 



one obtains product of fusion matrices 



1 feO 





n 




■ * 

J 3 




■ * 

3 3 


i i 




% i 




ac 





-I 11 



-r* W -tt* W i 
•'O 



(62) 



Collecting all we obtain 



AO 



i i 



ii 



AO 



J 3 

i i 



ii 



(63) 



Comparing formulae © and flU}, © and flU]), (Hgjl . (KB and (JMD one reveals 
deep connection between permutation branes on two-fold product form one side, 
and defects on other side, known as folding trick [1,2,27,43]. We see that men- 
tioned relations for permutation branes become corresponding relations for defect 
after performing two-steps operation (folding) on the second copy of the CFT in 
question: left-right exchange and then hermitian conjugation, turning bound- 
ary state to operator. Comparison of (T4T]) and (1631) shows that the hermitian 
conjugation requires inclusion of the two-point functions C} H . 



4 Liouville theory 

Let us review basic facts on the Liouville field theory (see e.g. [42]). Liouville 
field theory is defined on a two-dimensional surface with metric g a b by the local 
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Lagrangian density 



C = ^g ab d aV d bV + ixe 2 ^ + Q.Rp (64) 



where R is associated curvature. This theory is conformal invariant if the coupling 
constant b is related with the background charge Q as 

Q = b+l (65) 
b 

The symmetry algebra of this conformal field theory is the Virasoro algebra 
[L m , L n ] = (m - n)L m+n + ^|(n 3 - n)8 n - m (66) 
with central charge 

c L = 1 + 6Q 2 (67) 

Primary fields V a in this theory, which are associated with exponential fields 
e 2aip , have conformal dimensions 

A a = a(Q - a) (68) 

The fields V a and Vq- q have the same conformal dimensions and represent 
the same primary field, i.e. they are proportional to each other: 

V a = S(a)V Q . a (69) 

with the function 

o, x = (^imf 1{Q ' 2a) r(l - b(Q - 2a))Y{-b-\Q - 2a)) 
1 ' 6 2 r(b(Q-2a))T(l + b- 1 (Q-2a)) 1 ' 

The spectrum of the Liouville theory is believed [4,5,8] to be of the following 
form 

poo 

H= dp Rg_ +iP <S> Ro_ +iP (71) 
Jo 2 2 

where R a is the highest weight representation with respect to Virasoro alegbra. 
Characters of the representations Rg. +iP are 

Mr) - ^ (T2) 

where 

oo 

V(r)=q 1 ^H(l-q n ) (73) 

n=l 
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Modular transformation of (172]) is well-known: 

Xp{--) = V2 [ X p>(r)e^ pp 'dP' (74) 



r 

Degenerate representations appear at a m ^ n = + ^-^b and have conformal 
dimensions [21] 

A m , n = Q 2 /4 - (m/b + nbf/A (75) 

where m, n are positive integers. At general b there is only one null- vector at the 
level mn. Hence the degenerate character reads: 

q~(m/b+nb) 2 g— (m/b— rib) 2 

r](r) 

Modular transformation of (I76p is worked out in [44] 

Xm,n{-\) = 2^ J Xp(t) sinh(27rmP/6) smh(2imbP)dP (77) 

For future use we write here the reflection function for a = y + iP, denoting 
it briefly as S(P): 



r(i + 2z6P)r(i + 



S(P) = -Wu 1 {b I )}- l ^' b ^— 9 b p (78) 

v i r(i - 2z6P)r(i - ) 

Two-point functions of Liouvulle theory are given by reflection function (1701) : 

(V a (zx, z x )V a {z 2) Z21) = t -y^- (79) 

Three-point functions of Liouville theory C(ax, a 2 , a 3 ) are computed in [9,45], 
were so called DOZZ formula for them was suggested. We don't need in this 
paper the full DOZZ formula. But we do need C(ai, a 2 , a^) for the values of o>i 
satisfying relation 

ax + «2 + «3 = Q — nb (80) 

For this case three-point functions are given by the screening integrals computed 
in [10] 

i n \a\,a 2 ,a^) = (b 7(0 ma) , 

V ^ Yr k Z h(^ib + kb 2 M2a 2 b + kb^(2a 3 b + kb^} 

(81) 

where 7(0?) = f(S)- 

Structure constants C^ 3 ^2 are related to three-point functions as 

C:i a2 = C( ai ,a 2 ,Q-a 3 ) (82) 
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5 Permutation branes in Liouville theory 



In this section we turn to construction of permutation branes on iV-fold product 
of the Liouville field theories. As explained in section 1 they satisfy following 
gluing conditions: 



(r) _ f(r) 



0, r = l...JV-l, 



(83) 



m - m = o. 



Remembering that Liouville field theory is diagonal theory (ITTi) we conclude that 
reflection amplitudes as well as Ishibashi states depend on single copy primaries 
P. To compute reflection amplitudes (a = ~ + iP) for permutation branes 
on iV-fold product of Liouville fields 



(AT) 



-iP 



V 



where z^ + i = zi, we will use the same trick as in [11,40,44] and apply sewing 
constraints to 2iV-point function 

(Zi, Z\) ■ ■ ■ V_ b ^ 2 (z N , Z N )Vg + . p (zN + i, Zn + i) ■ ■ ■ Vq +i p{ z 2N, z 2n))v (85) 

with degenerate representation —6/2. Recalling fusion rule with degenerate field 



V- b/2 V a ~ + C^ 2 a V a+b/2 



16) 



and that Liouville theory is diagonal theory with self-conjugate primaries we can 



apply to this situation equation with i = —6/2, j = a = Q+iP, k = a±6/2: 



uW(a)U}?>(-b/2) 



n a+b/2 w 
° -6/2,0^+6/2,0 



-6/2 -6/2 
a a 

-6/2 -6/2 



N 



U { v N \a-b/2) 



N 



U^ N \a + b/2) 



The necessary three-point functions can be computed using (IHTjl and (182 

*— 6/ 
-6/2 



C-b%l = C(-b/2, a,Q-a + 6/2) = 1 



r a+b/2 
-b/2,a 



, , x ,4 /l2 ,r(2a6-6 2 -l)r(l-2a6) 
C(a, -6/2, Q- a - 6/2) = ^W) ^(2 + 6 2 - 2.6)1(2.6) 



(87) 



59) 
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The necessary elements of the fusion matrix are computed in [11,40,44] using 
explicit expression of the conformal blocks through hypergeometric functions. 
We will write down here final results: 



■*a-6/2,0 



"Wft/2,0 



-b/2 -b/2 



a: 



-b/2 
ft 



-b/2 
ft 



T(2ab-b 2 )T(-l -2b 2 ) 
~ T{2ab-2b 2 - l)T{-b 2 ) 

T(2 + b 2 -2ab)T{-l-2b 2 

fa 



(90) 



(91) 



2ab)T(-b 2 ) 

At this point we can continue in two different ways. It is shown in [11,44] that 
Liouville theory possesses two kinds of boundary states, discrete and continuous 
families. For permutation branes and defects one expects the same picture. To 
discover continuous family one treats U^\-b/2) constant A depending on 



boundary condition. Doing this and putting 
receives the following linear equation: 



(JHDJ and flSQ in flEZD one 



AU. 



(AO, 



V 



ft 



T(-l -2b 2 )Y{2ab-b 2 ) 
T{-b 2 )T{2ab-2b 2 - 1) 
7r/i 7 (6 2 )6 4 r(-l - 2b 2 )Y{2ab - b 2 - 1 



N 



b/2) 



(92) 



r(-6 2 )r(2ft6) 



N 



ui?\a + b/2) 



Using the identity 



r(l + z) =zT(z) 
it is easy to show that (1921) can be solved by: 



(93) 



U?J(a) = 2^ 2 



1 



2 3 /%6 



(7r/i 7 (6 2 ))( Q - 2Q )/ 2b r(l - b(Q - 2a))T(-b-\Q - 2a)) 



N 



where 



2 cosh 2nbs 



A ( T(-b 



2\ \ N 



b 2N - 2b 2 ) J {nfij{b 2 )) N / 



cosh(27rs(2ft-Q)) 
(94) 

(95) 



Putting ft = ^ + iP we get 



rrW fp.nl/2f [ir^{b 2 )}-^ b T{l + 2ibP)T{\ + 
vA >~ \ 23/4(2i7rP) 



2iP ^ 
b ' 



N 



cos(4Pvrs) (96) 



Let us make the following comments on ( 1961) . 
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1. Putting N = 1 we surely recover FZZ branes^ [11]: 



U$l(P) = Uf ZZ) {P) = 1 n ^— — b —cos(4:Pns) 

2inP 

(97) 



2. It is very interesting to note that (1961) has similar structure as corresponding 
solution ([3]) in the case of rational CFT, in the sense that both have the 
form S a j(f(j)) N , where S a j is the matrix of the modular transformation of 
the single copy, and f(j) is the function which appears in the expression 
for single copy boundary states. 

3. From the expression (184]) one concludes that Up(P) should satisfy 

4 N J(P) = (S(P)) N U^(-P) (98) 
Solution (1961) obviously satisfies (|98|) . 

To obtain discrete family we will treat Ilk , (— 6/2) as it stands, and again 
substituting in (!H7|) values of structure constants and elements of fusion matrix 
(188"]) . (189]) . (190]) and (I9T]) . we derive the following non-linear equation: 



7r/i6 4 7(6 2 )r(-l - 26 2 )r(2a6 - 6 2 - f 



iV 



£7^° (a + 6/2) 



T(-6 2 )r(2a6) 

Equation fl99]) admits the following two-parameters solution: 



rr(N) f ,_( [*m{b 2 )]- a l b T{l-b{Q-2a))T{-b-\Q-2a)) \ N f 
Vrm,nW-y r(l - 6Q)r(-6~iQ) J JmM J 

(100) 

where 

sin(7rm6~ 1 (2a - Q)) sin(7m6(2a - Q)) 

Jm,n{ a ) = — ( • / 77^ (101) 

sm(7rmo l Q) sm[imbQ) 

and satisfies equation 

/m,n(a)/m,n(-6/2) = /m,n(a ~ 6/2) + /m,n(a + 6/2) (102) 

Putting a = ^ + we get 



lr ro compare with [11] we changed here slightly normalization, and redefined parameter s 
there as 2s here. 
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T r(N) fP , n^7(& 2 )]- Q/2b [vr / , 7 (& 2 )]-^r(i + 2.p&)r(i + 2^p/&)g ^ iV 

^m,n^ - ^ r(1 _ fe g )r(1 _ 6 -lQ)(_2iP) J Jm <"^ 

(103) 

where 

sinh(27rmP& _1 ) sinh(27m&P) 
sin(7rmo Q) sin{irnoQ) 



To construct boundary states one should solve additionally the equation (126]) . 
The solution is easily seen to be 



(105) 



For solution (11051) we can make similar comments as for solution fl96|) . For 
N = 1 we recover ZZ branes: 

*?U(^) = ^?(^= (107) 

2 3 / 4 [7r/. 7 (& 2 )]-^r(l + 2zP6)r(l + 2zP/6) , , . 

smh(27rmPo ) smh(27moP) 

2«7rP 

The solution f 1 1 5 j) has the same structure as in the same sense as before , 
and satisfies the reflection constraint fl98l) . 

Having reflection amplitudes fl96|) and (I105[) one can write boundary states 

l«$° = Ju™{P)\P))™dP (108) 

l™,*>?° = | *^ B (P)|P»?°dP (109) 
where |P))^ are Ishibashi states satisfying (1831) . For iV = 1 we identify 

is}« = | s )(^ = y c/f ^)(p)|p))dp (no) 



|m,n)^ = \m,n)( zz 1 = J *%*>{P)\P))dP (111) 
where |P)) are the Ishibashi states satisfying L n + L_ n = 0. 
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Let us test the solutions (11081) and (I109j) computing the annulus partition 
function between permutation branes and products of ZZ branes. For simplicity 
we restrict ourselves to the case of permutation branes on two-fold product N = 2. 
The partition function between permutation brane labelled by s and product of 
two ZZ branes labelled by (mi,n\) and {m^n?) respectively is 

= / ^l(-VKw(P)*&%(P)(XP®) 2 dP = (H2) 

2 1/2 cos(4P7rs) sinh(27rmi6P) sinh(27rniP/&) sinh(27rm 2 &P) sinh(27m 2 P/fe) _ 2 . 

Xp[Q )dP 



!p (sinh(26P) sinh(2P/6)) 2 

To obtain ( 11 121) we used the T-function identity 

7TX 

T(l + ix)r(l-ix) = — r- — r (113) 

smh(7ra;) 

and the following property of the permutation Ishibashi states 

((gi|((g 2 |(g 1/2 ) // |P))? ) = Xp(f)5(P - Qi)S(P - Q 2 ) (114) 
Using identities 

min(n,n') — 1 

sinh(27m&P) sinh(27m'6P) = sinh(27r6P) sinh(27r6(ra + ri - 21 - 1)P) 

1=0 

(115) 

and 

sinh(27m6P) ^-^ . „ , . 

Jl — ' = V" exp(27r IbP) 116 

sinh 2vr6P FK ' y ' 

K ' l=\-n.2 

and performing modular transformation (1741) we obtain: 

Z(mi,m),(m,2,n2) = (H^) 
min(ni,n2) — 1 min(mi,m,2) — 1 (m+ng— 2Zi— 1)— 1 (m\+m,2— 2k\ — 1) — 1 

S x s +i(fc/fe+ib)/2(g 1/2 ) 

« 1= fci=0 J=l-(m+n2-2Zi-l),2 fc=l-(mi+m 2 -2fci-l),2 

in agreement with (ITU]) . Again using (1113)) and (11141) for the partition function 
between permutation brane labeled by (m, n) and product of two ZZ branes 
labeled by (m 1 ,rii) and (m 2 ,n 2 ) one obtains: 

Z {m ,n); {mi ^Um 2 ,n 2 ) = J ^ m J~ P)^fl(P)¥^%(P) X p(q 2 )dP = (118) 

2 3 / 2 sinh(27rm6P) sinh(27rnP/6) sinh(27rmi&P) sinh(27miP/6) sinh(27rm 2 6P) sinh(27rn 2 P/6) 



P (sinh(26P)sinh(2P/6)) 2 
x XP (q 2 )dP 
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Using identity (11151) and modular transformation law for degenerate charac- 
ters (1771) it takes form 

min(ni ,n,2) — 1 min(roi,77l2)— 1 min(n,ni+n,2— 2l\ — 1) — 1 

^(m,n);(mi,ni),(m2,n2) 

E E E < 119 > 

Z 1= fei=0 « 2 =o 

min(m,mi+m2— 2fci — 1) — 1 

Xmi+m 2 +m-2A;i-2fc2-2;7ii+n2+n-2«i-2«2-2(Q ,1//2 ) 

fc 2 =0 

again in agreement with fflOl) . This calculation can be easily generalized to the 
the case of generic N. It shows in particularly that to produce correct formula 
for annulus partition function between permutation branes and products of ZZ 
branes the power N in (1961) and fl 1 5 [) is really necessary. 

6 Defects in Liouville theory 

Defects in the Liouville theory can be constructed from the permutation branes 

(2) (2) 

U Vs {P) and W v ' mn (P) on two-fold product constructed in the previous section 
using discussed in section 3 folding trick. As we explained in section 3 folding 
trick involves two steps, left right exchange and hermitian conjugation. Taking 
into account two-point function of the Liouville theory (179]) one concludes that 
permutations branes reflection amplitude in the process of the hermitian conju- 
gation should be divided by the reflection function ( 1751) . Dividing ( 196]) and ( 11051) 
for N = 2 by the reflection function ( 1751) and using f II 1 3 f) one obtains: 

D,(P) = UV(P)S(-P) = - . "^1p , M (12°) 

2 smh(27rar) smh{2Pir / b) 

and 



„ / s f2i / s ~/ \ sinh(27rmP5 x ) sinh(27m5P) 

P m , n p = *1jp s -p = A— — ^ - . o l p ; 121 

' ' smh(27r6P) sinh(2P7r/6) 

Now one can define 

X s = I D s (P)idp® P dP (122) 



and 



X mjn — J V m ^ n {P)\(\.p^pdP (123) 
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where idp^p is the identity operator on the space Rg_ +iP <8> Ro_ +iP - Consider 
partition function with insertion of two defects parameterized by (mi,ni) and 
(m 2 ,n 2 ) 

Z (mi ,rii) ,(m,2 ,112) / ^mi,m (P)P m2>ri2 (P)xp(g)xp@rfP = (124) 
sinh(27rmi&P) sinh(27rniP/&) sinh(27rm2&P) sinh(27rn2P/&) 



(sinh(26P) sinh(2P/6)) 2 



-xp(q)xp(q)dP 



Using identities (11151) and f II 1 6 j) and performing modular transformation (1741) 
we obtain: 

/min(ni,n2) — 1 min(mi,r?i2) — 1 (ni+ri2 — 2Zi — 1) — 1 (mi+m2- 2k\ — 1) — 1 
XI E E E xp+i(k/b+ib)/2(q)xp(q)dP 

l 1= fci=0 J=l-(m+?i2-2Zi-l),2fc=l-(mi+m2-2*i-l),2 

in agreement with ( l49l ). 

Using identities (1115)) and (jllfip for fusion of defects with boundaries and with 
themselves one obtains 

min(n,ra') — 1 min(m,m') — 1 

X m , n |m',n') (ZZ) = X X |m+m'-2A;-l,n + n / -2/-l) (zz) (126) 

1=0 k=0 

n—l m—l 

X m M FZZ) = E E k + <(*/6 + i6)/2> (Ji,zz) (127) 

Z=l-ra,2 fc=l-m,2 



n—l m—l 



X s |m,ra>< zz > = E E \s + i{k/b + lb)/2Y FZZ ^ (128) 



i=l-n,2 fe=l-m,2 
min(ra,n')— 1 min(m,m') — 1 
-X m ,n-X m ' <n i ^ ^ ^ ^ -^m+m'— 2k— l,n+n'— 2i— 1 

(129) 

i=0 fc=0 
n—l m—l 

^s+i(fe/6+«6)/2 (130) 

l=l-n,2 fc=l-m,2 

in agreement with (J5D|) and (15"T1) . 
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7 Discussion 



We would like to outline here some directions for future work. 

• In this paper we have constructed defects and permutation branes in the 
Liouville field theory, using the classifying algebra technique. This tech- 
nique can be used to find defects and permutation branes also in other 
non-rational models like SL(2,R), SL(2,R)/U(1), Nappi-Witten etc. 

• Another important task is to study defects and permutation branes in the 
Lagrangian approach to the Liouville field theory. We can write a following 
mixed boundary interaction term 

^e^ie/^a ( 131 ) 

where a(Q — a) + (5{Q — (3) = 1, in the product space of the two Liouville 
fields (pi and (p%. In the case when a = ft one has the permutation symmetry. 
We are tempted to think that parameter A, labeling continuous family in 
( 1921) . should be related to the parameter /i# in (11311) for this case. 

• The defect X Sl acting on FZZ states \s2) <yFZZ ' > produces the state: 

x ^ {fzz) - 1 2s„ 1 h(2:;p^; i ( > 2P T /^ ifzz>(p)if)> ' ip {m 

The interpretation of this state at the moment is not clear. It would be 
interesting to understand this state in the matrix model approach [24,25]. 
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